We theoretically analyze dissociation of a harmonically trapped Bose-Einstein condensate of molecular dimers and examine how the spatial inhomogeneity of the molecular condensate affects the conversion dynamics and the atom-atom pair correlations in the short-time limit. Both fermionic and bosonic statistics of the constituent atoms are considered. Using the undepleted molecular-field approximation, we obtain explicit analytic results for the asymptotic behavior of the second-order correlation functions and for the relative number squeezing between the dissociated atoms in one, two and three spatial dimensions. Comparison with the numerical results shows that the analytic approach employed here captures the main underlying physics and provides useful insights into the dynamics of dissociation for conversion efficiencies up to 10%. The results show explicitly how the strength of atom-atom correlations and relative number squeezing degrade with the reduction of the size of the molecular condensate.
I. INTRODUCTION
Pair production of photons has been the key mechanism in a series of landmark experiments in quantum optics. Of particular importance have been the experiments with pair correlated photons from an atomic radiative cascade [1] and from parametric down-conversion [2, 3] , leading to demonstrations of violations of Bell's inequalities and the Einstein-Podolsky-Rosen (EPR) entanglement [4] [5] [6] [7] . Performed initially with discrete polarization states of photons-as a realization of Bohm's version [8] of the EPR gedankenexperiment [9] -the EPR correlations have been later demonstrated in their original version, that is, for a system of observables with a continuous spectrum [10] . In this case, the role of a pair of canonically conjugate variables is taken by quadrature amplitudes of spatially separated signal and idler beams generated using a nondegenerate parametric down-conversion in a cavity.
In atom optics, one of the simplest mechanisms for atom pair production can be realized via dissociation of diatomic molecules [11] [12] [13] [14] [15] . When performed using a molecular Bose-Einstein condensate (BEC) as the initial state and assuming that the constituent atoms are bosons, the process lends itself [16] [17] [18] [19] as a direct matterwave analog of optical parametric-down conversion of an intense laser light in a χ (2) -nonlinear crystal. Owing to this analogy, one can envisage that future experiments on dissociation of molecular BECs can lead to atom optics demonstrations of EPR correlations [20] [21] [22] and related tests of Bell's inequalities [23, 24] .
The most important ingredients for such experiments are: (i) the creation of quantum degenerate samples of stable, long-lived molecules, preferably in a rovibrational ground state (such as in recently demonstrated experiments [25] [26] [27] ), and (ii) the development of techniques for measuring atom-atom correlations [13, [28] [29] [30] [31] [32] [33] [34] . Demonstrations of continuous-variable EPR correlations in atomic quadratures will additionally require the measurement of matter-wave quadrature amplitudes using stable, mode-matched local oscillator fields as phase references [21, 35] . This is a challenging task yet to be realized experimentally. In the case of fermionic statistics of the constituent atoms, dissociation of a molecular BEC offers a new paradigm of fermionic quantum atom optics [36, 37] and new opportunities for extensions of fundamental tests of quantum mechanics to ensembles of neutral fermionic atoms.
The purpose of this article is a qualitative and quantitative understanding of the simplest density-density and atom number correlations in spontaneous dissociation of a molecular BEC in the short-time limit. Strong atomatom correlations and relative number squeezing can be regarded as precursors of more complex EPR correlations. In the short-time limit, the converted fraction of molecules into constituent atoms is small and one can employ the undepleted molecular-field approximation, which was successfully used in theoretical descriptions of parametric down-conversion in quantum optics [38] . Even though a less restrictive description of dissociation dynamics can be accomplished via state-of-the-art numerical techniques, such as the first-principles simulations using the positive-P and Gaussian representations [39] [40] [41] [42] 78] , the truncated Wigner function approach [42] , the Hartree-Fock-Bogoliubov method [37, 42, 43] , and a generalized Gross-Pitaevskii (GP) equation [44] , the main motivation of the present work is to obtain approximate analytic results which are less computationally expensive and have the intrinsic appeal of analytic simplicity. By comparing these results with the numerical ones, one can verify their accuracy and the range of validity in different parameter regimes. For a related problem of atomic four-wave mixing via condensate collisions [34] , a similar analytic treatment has been employed in Ref. [45] , with the results in the short-time limit comparing very well with the first-principles simulations in the positive-P representation [46] .
The main question that we address here is the influence of the spatial inhomogeneity of the source (molecular) condensate on the strength of atom-atom correlations. This is an important problem for modeling realistic experiments performed using trapped, inhomogeneous condensates with interactions. For example, for a harmonically trapped system, the spatial inhomogeneity and the multimode character of the problem enters through the shape of the density profile of the initial condensate which-in the Thomas-Fermi (TF) limit-is close to an inverted parabola. The shape of the source in turn determines the extent to which the effect of mode-mixing affects the spatial structure of atom-atom correlations. For strong inhomogeneity, the effect can be quite detrimental and can reduce the strength of correlations significantly. Our analytic results allow us to quantify these effects in a relatively simple way, as the short-time limits to correlation functions are obtained in a closed explicit form in terms of Bessel functions. In a recent rapid communication [47] , we presented some of these results for dissociation in a one-dimensional (1D) geometry; in the present work, we give the details of derivations and extend the results to 2D and 3D systems.
In addition, our comparison between the results for bosonic and fermionic atoms allows for a demonstration of striking differences in the dissociation dynamics that depend inherently on the difference in quantum statistics. For short durations of dissociation, which produce low-density atomic clouds, these differences are not obstructed by the s-wave scattering interactions and have been recently studied in the context of directionality effects due to Bose enhancement and Pauli blocking in the dissociation of elongated molecular condensates [48] .
Related recent studies of molecular dissociation are concerned with the role of confinement on the stability of the molecular BEC [49] , the effect of magnetic-field fluctuations and modulations on the dissociation dynamics near a Feshbach resonance [50] , the dynamics of dissociation in optical lattices [51] , dissociation of molecules prepared in a vortex state [52] , connection of dissociation with the generators of the SU(1,1) and SU(2) Lie algebras [53] , loss of atom-molecule coherence due to phase diffusion [54] , as well as the use of molecular dissociation as a probe of two-body interactions [55] , collisional resonances [56] , and spectroscopic properties of Feshbach resonance molecules [57, 58] .
The article is organized as follows. In Sec. II we introduce the model for dissociation of molecular dimers consisting of either two distinguishable bosonic atoms or two fermionic atoms in different spin states. In Sec. III we formulate the same problem for the case of two indistinguishable bosonic atoms. In Sec. IV we present the results of a numerical analysis of molecular dissociation in 1D within the undepleted molecular-field approximation. In Sec. V we develop an analytic approach for the short-time asymptotic behavior and obtain explicit results for the atom-atom pair correlation functions and the relative number squeezing in 1D, 2D, and 3D geometries, for TF and Gaussian density profiles of the molecular BEC. Throughout these sections, we discuss the validity of the approximate model (with no molecular depletion) by comparing the relevant results with those obtained using first-principles positive-P simulations for bosons, in which the molecular-field dynamics and its depletion is treated quantum mechanically. The details of the positive-P method are given in Sec. VI. Finally, in the same Sec. VI we incorporate the effects of s-wave scattering interactions and analyze the system using the truncated Wigner approach. We conclude the article with the summary Sec. VII.
II. DISSOCIATION INTO DISTINGUISHABLE BOSONIC OR FERMIONIC ATOM PAIRS
To model the dissociations of a Bose-Einstein condensate of diatomic molecules into pairs of constituent atoms, we start with the following effective quantum field theory Hamiltonian, in a rotating frame [59] : 17, 43] ). Unstable molecules, spontaneously dissociating into pairs of constituent atoms, correspond to ∆ < 0, with 2 |∆| being the total dissociation energy. The trapping potential for preparing the initial molecular BEC-with any residual atoms being removedis omitted from the Hamiltonian since we assume that once the dissociation is invoked, the trapping potential is switched off, so that the dynamics of dissociation is taking place in free space (in 1D and 2D geometries, we assume that the confinement in the eliminated dimensions is kept on so that the free-space dynamics refers only to the relevant dimension under consideration). We assume that the switching on of the atom-molecule coupling and switching off of the trapping potential is done in the regime of a sudden jump [58] . Accordingly, the preparation stage is reduced to assuming a certain initial state of the molecular BEC in a trap, after which the dynamics is governed by the Hamiltonian (1) .
In what follows we initially treat the dynamics of dissociation in the undepleted molecular condensate approximation in which the molecules are represented as a fixed classical field. The undepleted molecular approximation is valid for short-enough dissociation times during which the converted fraction of molecules does not exceed ∼ 10% [39, 43, 48] . In this regime the dissociation typically produces low-density atomic clouds for which the atom-atom s-wave scattering interactions are negligible [39] ; hence, their absence from our Hamiltonian. Additionally, the atom-molecule interactions will initially appear as an effective spatially dependent detuning due to the mean-field interaction energy; this can be neglected by operating at relatively large absolute values of the dissociation detuning |∆| so that the total dissociation energy 2 |∆| dominates the mean-field energy shifts [39, 48] . As means of verifying the regime of validity of these approximations, in Sec. VI we incorporate the effects of molecular depletion and s-wave scattering interactions using the positive-P representation and the truncated Wigner method. As these numerical methods are only applicable to bosons, our comparison and conclusions are restricted to the case of dissociation into bosonic atoms. For the case of fermionic atoms, the development of stochastic methods that may facilitate similar comparison in the future are under development [78] .
A. Heisenberg equations in the undepleted molecular condensate approximation
The undepleted molecular-field approximation is invoked as follows. Assuming that the molecules are in a coherent state initially, with the density profile ρ 0 (x) given by the ground-state solution of the standard GP equation in a harmonic trap, we replace the molecular-field operator by its coherent mean-field amplitude, Ψ 0 (x, 0) → Ψ 0 (x, 0) = Ψ 0 (x, 0) = ρ 0 (x), which we assume is real without loss of generality. We can next introduce an effective, spatially dependent coupling,
and write the Heisenberg equations for the atomic fields as follows:
Here and hereafter the + and − signs (in general, upper and lower signs) are for bosonic and fermionic atoms, respectively. Transforming to Fourier space,
, where the amplitude operators a j (k, t) satisfy commutation or anticommutation relations,
, according to the underlying statistics, we can rewrite Eqs. (3) as a set of linear operator equations:
Here
is the Fourier transform of the effective coupling g(x), and we have defined ∆ k ≡ k 2 /(2m) + ∆, where k = |k|. The general structure of solutions following from Eqs. (4), with vacuum initial conditions for the atomic fields, can be easily understood if we rewrite these operator equations in terms of ordinary differential equations for all possible second-order moments of the atomic field operators. By doing so, one can show that the equations for the normal and anomalous densities, a
where we have omitted the atomic spin index for notational simplicity.
IV. NUMERICAL RESULTS AND DISCUSSION
In our numerical treatment of the problem (present section) we only consider a 1D system. This is to make the problem computationally tractable. However, based on the physical understanding that we develop, we expect our results to be at least qualitatively valid for 3D systems, as is the case for a 2D problem treated recently in Ref. [48] . The analytical results of Sec. V, on the other hand, are obtained for 1D, 2D and 3D systems.
From the structure of Eqs. (4) we can easily recognize the role of mode-mixing in the spatially inhomogeneous treatment compared to the case of a uniform molecular condensate. In the uniform case, the Fourier transform of the effective coupling g 0 is a delta function g(k) = (2π) D/2 g 0 δ(k), so that the operator a 1 (k) couples to the conjugate of the partner spin component at exactly the opposite momentum, a † 2 (−k). Therefore, the entire set of coupled equations breaks down into pairs of equations that couple only the opposite momentum components of the two atomic fields with different spins. Accordingly, only the diagonal and antidiagonal terms of the normal and anomalous densities, n j (k, k) and m 12 (k, −k), develop nonzero populations as the dissociation proceeds.
In the present inhomogeneous case, on the other hand, the finite width of the effective coupling g(k) implies that a 1 (k) couples not only to a † 2 (−k) in Eq. (4), but also to a range of momenta in the neighborhood of −k, within −k±δk. This is the origin of mode-mixing. The spread in δk determines the width of the pair correlation between the atoms in the two opposite spin states that have equal but opposite momenta. The width is ultimately related to the momentum width of the source molecular condensate, as we show later in this article.
At a qualitative level, the finite width of the pair correlation at opposite momenta can be understood from a simple momentum conservation argument. For a molecule at rest, the dissociation produces one atom in each spin state satisfying k 1 + k 2 = 0, and therefore
, the absolute momentum of each atom is given by k 0 = |k 1 | = |k 2 | = 2m|∆|/ . The same momentum conservation holds in the center-of-mass frame of the molecule if it has a finite momentum offset δk due to the initial momentum spread of the condensate. In the laboratory frame, this center-of-mass momentum offset leads to an offset from ±k 0 in the momenta of dissociated atoms, k 1 = k 0 + δk/2 and k 2 = −k 0 + δk/2. This implies that a pair of atom detectors set to detect atoms with these momenta will produce a positive pair correlation signal and will therefore contribute to the finite width of the order of δk in the density-density correlation function [68] .
We now turn to the quantitative analysis of atom-atom correlations. Before we proceed, however, we discuss the role of mode-mixing on simpler observables-the atomic momentum distribution and mode population dynamics in the two spin states. (1), (2), and (3). In the Thomas-Fermi (TF) regime, the corresponding TF radii are (1) RT F ≃ 250 µm, (2) RT F ≃ 167 µm, and (3) RT F ≃ 83 µm. The dashed box illustrates a uniform system which is size matched with the inhomogeneous system (1).
Other physical parameters are given in Ref. [69] .
A. Momentum distribution and mode population dynamics
In a finite quantization volume, the wave vector k is discrete and the plane-wave mode annihilation and creation operators a j,k = a j (k, t)(∆k x ∆k y ∆k z )
(where j = 1, 2 and ∆k x,y,z are the lattice spacings in x, y, and z directions) may be organized into a vector â. The Heisenberg equations (4) may then be written in vector-matrix form as d â/dt = M â, where M is a square matrix of complex numbers of dimension equal to twice the total number of lattice points. The solutions of these linear operator equations can be found by numerically computing the matrix exponential exp(Mt). The task is relatively simple in 1D, which is the case that we present here.
In our numerical analysis, we consider three typical examples of the density profiles ρ 0 (x) of the molecular BEC, corresponding to relatively weak, intermediate, and strong inhomogeneity. These are shown in Fig. 1 and correspond to having different frequencies of the longitudinal trapping potential along x and the same peak density ρ 0 ≡ ρ 0 (0). The density profiles shown are given by the ground-state solution of the 1D GP equation in a harmonic trap and can be closely approximated by a TF inverted parabola ρ 0 (x) = ρ 0 (1 − x 2 /R 2 T F ) for |x| < R T F and ρ 0 (x) = 0 elsewhere; the three examples shown correspond to the TF radii of R T F = 250 µm, R T F = 167 µm, and R T F = 83 µm.
To allow for a comparison of the present nonuniform treatment with the known analytic solutions of a uniform model [36] , we also show a uniform box system (dashed line in Fig. 1 ), which is size-matched with the largest trapped system, curve (1) . We choose the size-matched m −1 , the time scale would be t0 = 5 ms. Accordingly, the absolute detuning is |∆| = 1800 s −1 and the resonant momentum is k0 = 2m|∆|/ ≃ 1.5 × 10 6 m −1 in the present example [69] . (b) Total fractional numbers of bosonic atoms Nj (t)/N0(0) from numerical simulations that take into account molecular depletion. The different curves are as in (a), with the curve (1) from the undepleted molecular approximation shown for comparison. The solid curves are from the truncated Wigner method, while the circles are from the exact positive-P method (see Sec. VI), which in this example is limited to simulation duration of t/t0 ∼ 6.5 due to the growing sampling errors. uniform box to have the same uniform density ρ u as the peak density ρ 0 of the nonuniform system and the same total initial number of molecules N 0 . For a simple TF parabola, N 0 is given by N 0 = 4ρ 0 R T F /3, while for the box system N 0 = ρ u L, and therefore we require that the box length is L = 4R T F /3.
In Fig. 2(a) we plot the total number of atoms in each spin component,
where
is the density distribution in momentum space. The three curves (1), (2) , and (3) referring to fermionic atoms correspond, respectively, to dissociation of molecular condensates with the density profiles shown Fig. 1 . Plotted are the fractional atom numbers,
, where N 0 (0) in each case is the respective total initial number of molecules. For comparison, we also show the result for bosonic atoms corresponding to the molecular density profile (1). The two dashed curves are the respective (fermionic or bosonic) results for a uniform system, size matched with the molecular condensate profile (1) . The differences between the curves (1), (2) , and (3) demonstrate the strong dependence of the dissociation dynamics on the inhomogeneity of the initial molecular condensate. We note that all fermionic examples are in the parameter regime where the dynamics is dominated by Pauli blocking of individual atomic modes rather than by molecular depletion [43] . Accordingly, only a small fraction of molecules is converted into atoms and this justifies the use of the undepleted molecular approximation for longer time scales than in the respective bosonic systems.
In Fig. 2(b) we show the results of numerical simulations that go beyond the undepleted molecular approximation. The simulations are performed for dissociation into bosonic atoms using the positive-P representation and the truncated Wigner methods (see Sec. VI for further details). They take into account the conversion dynamics and quantum fluctuations of the molecular field, in contrast to the results of Fig. 2(a) . As we see, the results of the undepleted molecular approximation are in excellent agreement with the exact positive-P results for dissociation durations up to t/t 0 ∼ 3.5 corresponding to more than 10% conversion. At later times, the exact results show the slowing down of the atom number growth due to the depletion of the molecular condensate, followed by the reverse process of atom-atom recombination into molecules.
To further illustrate the differences between the uniform and nonuniform results, we plot in Fig. 3 the momentum distribution of the dissociated fermionic atoms, n j (k, t), as a function of time. The distribution is symmetric around the origin and has two peaks centered around the resonant momenta k = ±k 0 ; in Fig. 3 we only show the spectrum around k = k 0 . Qualitatively, the momentum distribution is similar to the one obtained within the uniform treatment except that the oscillation of the resonant momentum is no longer periodic and the minima do not reach zero [36, 43] . We recall that in the uniform case the oscillations of different plane-wave mode occupancies are periodic and are given by [36] n j,k (t) = g 2 0 Figure 4 : (Color online) (a) Peak density nj (k0, t) [n1(k0, t) = n2(k0, t)] as a function of time t/t0 in one of the spin components in dissociation into fermionic or bosonic atoms. The three different curves for fermions correspond to the molecular BEC profiles (1), (2) , and (3) of Fig. 1 , while the oscillating dashed curve is the peak atomic density for a uniform system that is size matched with (1). The bosonic curve together with the respective dashed curve for a size-matched uniform system is for the molecular BEC profile (1) where g 0 ≡ g(0) is the effective coupling and
In the bosonic case, we find that the density distributions are closer to the respective uniform results of Ref. [36, 39] 
, and we do not show them here.
In Fig. 4 (a) we monitor the atomic density at the resonant momentum k 0 as a function of time; the three fermionic curves correspond, respectively, to the molecular density profiles (1), (2) , and (3) of Fig. 1 , whereas the oscillatory dashed line corresponds to the analytic solution for a size-matched uniform system (1). The analytic result represents the density distribution n j (k 0 , t) and is obtained from the average occupation number of the resonant mode, n j,k0 (t) = sin 2 (g 0 t), by converting it into the density distribution via n j (k 0 , t) = n j,k0 (t)/∆k, where ∆k = 2π/L is the mode spacing of the size-matched uniform system of length L. The respective bosonic results for the largest molecular BEC are also shown for comparison; in this case the uniform analytic result for the resonant mode is given by n j,k0 (t) = sinh 2 (g 0 t) [36, 39] and grows exponentially with time due to Bose stimulation.
An alternative way of comparing the results for the uniform and nonuniform systems is to define the physical "modes" of the nonuniform system and to compare their average occupation numbers with those obtained in the uniform finite size box. In the later case, the natural modes of the system are the plane-wave modes which coincide with our computational lattice modes. In the case of dissociation into fermionic atoms, the plane-wave mode occupation numbers are bound to be no more than 1 by the Pauli exclusion principle [36] . In the nonuniform system, on the other hand, the plane-wave modes are not the natural modes of the system and therefore care should be taken when defining the physical modes and discussing the Pauli exclusion principle. Following Glauber's theory of optical coherence in the context of matter waves [70] , we define the atomic "mode" in the nonuniform system using the first-order coherence length, ∆k (coh) , which in turn is defined via the first-order correlation function
More specifically, we define ∆k (coh) as the distance |k−k ′ | over which |g (1) jj (k, k ′ , t)| reduces by a factor of 2 from its peak value at k − k ′ = 0. The average mode occupation is then given by n j,k (t) = n j (k, t)∆k (coh) . In Fig.  4 (b) we plot n j,k0 (t), defined in this way, and compare it with the occupancies of the plane-wave modes of the uniform system (dashed line). As we see, the mode occupancy in the nonuniform system deviates substantially from the uniform result and remains below the maximum occupancy of 1. We note that the nonuniform results corresponding to cases (1), (2) , and (3) of Fig. 1 almost coincide with each other and the respective three curves in Fig. 4 (b) are almost indistinguishable until the first oscillation maximum. This implies that the mode occupation dynamics depends only on the shape of the molecular condensate and not on its size, at least in the short-time limit. [For example, for a Gaussian shape of the molecular condensate, we find that the mode occupation dynamics is slightly different.] In the longer time limit, the first-order correlation function in the fermionic case develops complicated multipeak structure (similar to the one seen in the momentum distribution of Fig.  3 ). In this case, defining the first-order coherence length
as the half-width at half maximum becomes less appropriate since this definition ignores the correlation peaks at large |k − k ′ |. Even though we do not present explicit numerical results for the first-order correlation function itself, we point out that in the present model the absolute value of g
We now turn to the analysis of the second-order correlation functions for pairs of atoms in the same spin state, g
, and in the opposite spin states, g
12 (k, k ′ , t).
B. Atom-atom correlations
Distinguishable fermionic or bosonic atoms
Since the dissociation of diatomic molecules produces pairs of atoms in two different spin states which fly apart in opposite directions according to the momentum conservation, we expect strong correlation signal for atom pairs with nearly equal but opposite momenta. We refer to this type of correlation as back-to-back (BB) correlation and quantify it via Glauber's second-order correlation function,
.
Apart from the normal ordering of the creation and annihilation operators, the pair correlation function g
12 (k, k ′ , t) describes the density-density correlation between the momentum components k and k ′ of pairs of atoms in the two spin states. The normalization with respect to the product of individual densities n j (k, t) = a † j (k, t) a j (k, t) ensures that for uncorrelated states g (2) 12 (k, k ′ , t) = 1. Due to obvious symmetry considerations, g
21 (k, k ′ , t). The second type of correlation expected to be present in the system is between pairs of atoms in the same spin state, propagating with the nearly same momenta, k ≃ k ′ . This type of correlation, which we refer to as collinear (CL) correlation, is due to quantum statistical effects and represents a manifestation of the Hanbury Brown, and Twiss (HBT) effect [28, 32, 71] . The CL correlations are quantified via the following second-order correlation function: 
12 (k, k0, t0) as a function of k for fermionic and bosonic atom pairs in two different spin states, showing the peak corresponding to strong back-to-back correlation around k = −k0. (b) Pair correlation for the same-spin atoms g (2) 11 (k, k0, t0) in dissociation into distinguishable (fermionic or bosonic) atom pairs, showing a peak (bosons) or a dip (fermions) at k = k0, which correspond, respectively, to bosonic bunching due to Bose stimulation or fermionic antibunching due to Pauli blocking. (c) Pair correlation g (2) 11 (k, k0, t0) in dissociation into indistinguishable (same spin state) bosonic atom pairs, showing both back-toback and CL correlation signals at k = −k0 and k = k0.
The linearity of Eqs. (4) ensures that one can apply Wick's theorem to Eqs. (18) and (19) and factorize the fourth-order operator moments into the sum of products of second-order moments. Noting in addition that a † 1 (k, t) a 2 (k ′ , t) = 0 and a j (k, t) a j (k ′ , t) = 0 in the present model, we obtain the following results for the BB and CL correlations:
where the + and − signs stand for bosonic and fermionic atoms, respectively. The BB pair correlation g
12 (k, k 0 , t = t 0 ) in which the momentum of one of the atomic spin components is fixed to the resonant momentum k 0 , while the momentum k of the opposite spin component is being varied is plotted in Fig. 5(a) . The two curves correspond to the fermionic and bosonic atom statistics, as indicated by the labels. In both cases, we see a clear correlation peak at k = −k 0 corresponding to atom pairs with equal but opposite momenta (k 0 , −k 0 ). The width of the correlation is discussed in Sec. IV C. The major quantitative difference between the present nonuniform result and that of a uniform system is that the peak value of the BB correlation g (2) 12 (−k 0 , k 0 , t) becomes smaller than in the uniform system and that the correlation function acquires a finite width. As has been shown in Refs. [36, 43] , the strength of the pair correlation in the uniform system corresponds to its maximum possible value for a given occupancy n 1,k0 (t) = n 2,k0 (t). More specifically, the pair correlation upper bound is given by g (2) 12 (−k 0 , k 0 , t) = 1/n 1,k0 (t) in the case of fermionic atoms and g (2) 12 (−k 0 , k 0 , t) = 2 + 1/n 1,k0 (t) in the bosonic case, whereas g (2) 12 (k, k 0 , t) = 1 for any k = −k 0 in both cases. In other words, the pair correlation in the uniform system is a Kronecker-like delta function, whereas in the nonuniform case it acquires a finite width and the peak value is reduced.
Given that n j,k0 (t) in the uniform system is an oscillatory function for fermions and can reach zero values at certain times, the respective BB correlation g
12 (−k 0 , k 0 , t) → ∞] whenever n j,k0 (t) → 0. In contrast to this unphysical result, the peak value of the BB correlation in the nonuniform system is always continuous and is shown in Fig. 6 . The oscillatorylike structure of the BB correlation for fermions comes from the oscillatory behavior of the atomic density n j (k, t) and the absolute value of the anomalous density |m 12 (k 0 , −k 0 , t)|. The oscillations in |m 12 (k 0 , −k 0 , t)| resemble those for a uniform system [36] , with |m k0,−k0 (t)| 2 = n j,k0 (t)[1 − n j,k0 (t)], except that here they do not reach the minimum and maximum values corresponding to perfect harmonic oscillations in n j,k0 (t). The BB correlation for the case of bosonic atoms is also shown on the same figure (solid red curve) and does not display any oscillations. We note that the bosonic curve should have been stopped at t/t 0 ∼ 3 as the undepleted molecular approximation breaks down beyond t/t 0 3 (the total number of atoms produced beyond this point in time corresponds to a conversion of more than 10% of the initial number of molecules), while this is not the case for fermionic atoms. We extend the bosonic curve to t/t 0 ∼ 5 in order to make visible its discrepancy with the numerical results based on the exact positive-P representation (red circles) and the truncated Wigner method (red dash-dotted curve).
The CL correlation function g (2) 11 (k, k 0 , t) [with g (2) 11 (k, k 0 , t) = g (2) 22 (k, k 0 , t)] at t = t 0 is plotted in 12 (−k0, k0, t) at equal but opposite peak momenta as a function of time t/t0 for dissociation into fermionic (blue solid curve) and bosonic (red solid curve) atoms in two spin states from the numerical simulations within the undepleted molecular-field approximation. The results are for the molecular density profiles corresponding to case (1) in Fig. 1 . The dimensionless detuning is δ = −9 as in Fig. 2 . The dashed (black) curve is the short-time analytic result of Eq. (38) from Sec. V; the curve is extended to time duration of t/t0 ∼ 1, which, strictly speaking, is beyond the expected validity of the perturbative theory, t/t0 ≪ 1, yet we see a reasonably good agreement with the numerical results for t/t0 ∼ 1. The dashdotted (red) curve is from the truncated Wigner approach, while the red circles are from the exact positive-P method; both methods take into account the molecular-field depletion (see Sec. VI for details). As we see the result from the undepleted molecular-field approximation (solid red curve, bosons) are in excellent agreement with the positive-P and truncated Wigner results for durations up to t/t0 ∼ 5.
atoms we see the expected HBT peak at k = k 0 , with g (2) 11 (k 0 , k 0 , t) = 2 due to bosonic stimulation. In the fermionic case, on the other hand, we see a dip g (2) 11 (k 0 , k 0 , t) = 0 corresponding to fermionic antibunching due to Pauli blocking. The physics behind these effects is the same as the CL correlations between the s-wave scattered atoms in a collision of two condensates of metastable 4 He * atoms as observed in Ref. [34] and the local correlations in a thermal cloud of bosonic 4 He * atoms and an ultracold cloud of fermionic 3 He * atoms as observed in Refs. [32] (see also [28] ).
Indistinguishable bosonic atoms
In the case of dissociation of molecules made of bosonic atom pairs in the same spin state, the atom-atom pair correlation function is given by 
12 (k, k0, t0), at time t = t0 for fermions (blue solid curve) and bosons (red solid curve), corresponding to the molecular BEC profile (1) of Fig. 1 . The magnitudes of the correlation functions are scaled to 1 in order to simplify the comparison of the correlation widths and the width of the source (dashed curve), that is, the momentum distribution of the molecular BEC. (b) CL pair correlation functions, g (2) jj (k, k0, t0), for fermions (blue solid curve) and bosons (red solid curve), for the same parameters as in (a). The fermionic curve for g (2) jj (k, k0, t0) − 1 is inverted to allow for the comparison of the correlation widths. The dashed curve is the momentum distribution of the source.
Here, the BB correlation signal comes from the anomalous density term |m 11 
as it is nonzero only for pairs of momenta k and k ′ that are nearly opposite, whereas the normal density term
is vanishingly small for opposite pairs of momenta. On the other hand, the CL correlation signal comes from the normal density term |n 1 
which is nonzero for pairs of nearby momenta, while the anomalous density is vanishingly small when k ≃ k ′ . In Fig. 5(c) we plot the pair correlation g (2) 11 (k, k 0 , t 0 ) as a function of k, and we see the simultaneous presence of two peaks: one at k = −k 0 representing the BB correlation due to the momentum conserving pair-production process and the second peak at k = k 0 corresponding to the HBT effect.
C. Width of the correlation functions
An important observable in the experiments on atomatom correlations is the width of the correlation functions. Here we discuss the BB and CL correlation widths during relatively short durations of dissociation, corresponding to the range of validity of the undepleted molecular-field approximation.
In Fig. 7 we show the numerical results for the BB and CL correlations functions at time t = t 0 and compare them with the shape of the source molecular BEC in momentum space. The results correspond to the molecular BEC density profile (1) of Fig. 1 . We see that in the short-time limit the width and the overall shape of the correlation functions for both fermionic and bosonic atoms is determined essentially by the width and the shape of the momentum distribution of the source molecular BEC.
For quantitative purposes we define the widths as the half-width at half maximum and denote them w (BB) and w (CL) for the back-to-back and for CL correlations, respectively. The width of the source molecular BEC in momentum space is denoted as w. The widths of the BB and CL correlations relative to the source width as a function of time are shown in Fig. 8 . The source condensate here corresponds to the molecular BEC profile (1) of Fig. 1 , having the momentum width of w ≃ 1.62/R TF , where R TF is the respective TF radius in x space. We see that the BB correlation width starts from the asymptotic value of w (BB) = w, corresponding to the limit t → 0, and grows slowly for bosons and decreases for fermions. A similar behavior is seen in the CL correlation width, except that it starts from a higher asymptotic value, w (CL) ≃ 1.12w, than the BB width. The short-time asymptotic behavior is in agreement with the analytic results obtained in Sec. V.
For longer durations of dissociation-while still within the range of validity of the undepleted molecular-field approximation-we see that the BB correlation width grows faster (for bosons) than the CL correlation width, indicating the possibility that it may eventually become broader than the CL width. A similar behavior has been recently found in first-principle simulations of a related system of atomic four-wave mixing via condensate collisions [45] . Moreover, it has been shown that in the long-time limit the BB correlation width indeed becomes broader than the CL correlation, in agreement with the experimental measurements of Ref. [34] .
For comparison, we have also performed an analysis of the dynamics of the BB and CL correlation widths for a Gaussian density profile of the source molecular BEC. The numerical results are in good agreement with the analytic results presented in Sec. V B.
D. Relative number squeezing
As an alternative measure of the strength of atomatom correlations, we now calculate the variance of relative atom number fluctuations for atoms in different spin states and with equal but opposite momenta ±k 0 ,
where ∆ SN is the shot-noise level that originates from uncorrelated states. The atom number operators are defined by n j,±k0
, where K is the counting length around ±k 0 . On a computational lattice the simplest choice of K that does not require explicit binning of the signal is K = ∆k, where ∆k is the lattice spacing, and therefore n j,±k0 (t) = n j (±k 0 , t)∆k.
The shot-noise level ∆ SN is different for bosons and fermions. For the bosonic case, ∆ SN is given by the sum of variances of the individual mode occupancies with Poissonian statistics (as in the coherent state), implying that ∆ SN = n 1,k0 + n 2,−k0 . For the fermionic case, the sum of the variances of two uncorrelated modes is ∆ SN = n 1,k0 (1 − n 1,k0 )+ n 2,−k0 (1 − n 2,−k0 ) [36] , which is independent of the states of individual modes. The relative number variance (23) in both cases can be combined into the following expression:
where s = 0 and s = 1 for bosons and for fermions, respectively, and we have taken into account that n 1,k0 = n 2,−k0 and g
11 (k 0 , k 0 , t) = g
22 (−k 0 , −k 0 , t). Note that g (2) 11 (k 0 , k 0 , t) = 0 in the fermionic case due to the Pauli exclusion principle. Variance V k0,−k0 (t) < 1 implies squeezing of relative number fluctuations below the shotnoise level.
In Fig. 9 we plot the relative number variance for dissociation into fermionic (solid oscillatory curves) and bosonic (solid curves that initially follow the dashed horizontal lines) atom pairs for the three different sizes of the molecular BEC density profile of Fig. 1 . The horizontal dashed lines are the respective analytic results (see Sec. V) in the short-time limit showing a common asymptotic behavior for bosons and fermions in the limit t → 0. In this limit the atomic mode populations are much smaller than 1 and the quantum statistical effects do not show up. The numerical results for bosonic atoms are stopped around t/t 0 ∼ 3.5; at this time the total number of atoms produced corresponds to more than 10% conversion and the undepleted molecular approximation is no longer valid. For the fermionic atoms the converted fraction remains less than 10% for the entire time window plotted. The circles that follow the bosonic solid curves for up to t/t 0 ∼ 3.5 are from the exact positive-P method (see Sec. VI) and demonstrate the validity of the undepleted molecular approximation within this time window.
We see that both bosonic and fermionic cases display relative number squeezing that depends strongly on the size of the molecular BEC. The larger the molecular BEC is, the stronger is the relative number squeezing, implying that the degrading role of mode-mixing due to the source inhomogeneity is a weaker effect when the molecular BEC density profile is closer to uniform. The reduction of squeezing and the nontrivial oscillatory behavior in the fermionic cases reflect the oscillatory behavior of the fermionic mode populations and the anomalous density |m 12 (k 0 , −k 0 , t)|, as explained in the discussion of the oscillations in the BB peak correlation in Fig. 6 ; at time instances when the populations become close to 0 or 1, the fermionic shot-noise itself becomes vanishingly small and therefore the degree of squeezing below the shot-noise level diminishes [36] .
In all three examples of Fig. 9 the lattice spacing is chosen as ∆k = 1875 ≃ π/2R
T F is the TF radius of the molecular BEC profile (3) of Fig.  1 . This is the largest spacing that is capable of resolving the relevant details and correlation lengths in momentum space for all three cases, and we see that the degree of squeezing is not particularly large in all examples. The strongest squeezing is for the case of the largest molecular BEC [curve (1)] and is only ∼ 14% at short times.
This relatively modest degrees of squeezing in the examples of Fig. 9 can be contrasted to the ideal situation of 100% squeezing achievable in a completely uniform system that permits analytic solution in the undepleted molecular approximation [36] . The strong departure in the actual degree of squeezing from the prediction of the idealized uniform model is perhaps the strongest manifestation of the role of mode-mixing in realistic inhomogeneous systems. As shown previously [40, 48] , squeezing can be enhanced by binning the atomic signal into bins of larger size, in which case Eq. (24) is no longer applicable.
V. ANALYTIC TREATMENT IN THE SHORT-TIME LIMIT
In this section we present the results of an analytic treatment of the problem of molecular dissociation in the short-time limit in 1D, 2D, and 3D. Our approach is based on perturbative expansion in time, starting with the operator equations of motion in the undepleted molecular-field approximation [Eq. (4)]. Even though the present results are applicable for even shorter time scales than those of the numerical treatment of the previous section, their analytic transparency provides useful insights into the problem of atom-atom correlations as it has recently been demonstrated for a closely related problem of atomic four-wave mixing via condensate collisions [45] . For molecular dissociation, the present analytic approach in nonuniform 1D systems has been employed in Ref. [47] ; here we present the details of derivations and extend the results to 2D and 3D systems.
The short-time perturbative treatment is based on the Taylor expansion in time, up to terms of order t 2 ,
which is valid for t ≪ t 0 , where t 0 ≡ 1/χ √ ρ 0 is the characteristic time scale. We recall that, in the definition of t 0 for 1D, 2D, and 3D systems, the coupling constant χ and the molecular BEC peak density ρ 0 are to be understood as their 1D, 2D, and 3D counterparts (see, e.g., [43] ), but we suppress the respective indices for simplicity. In all cases, the units of χ and ρ 0 are such that 1/χ √ ρ 0 has units of time. With the preceding expansion, one can check that the commutation (for bosons) and anticommutation (for fermions) relations for the creation and annihilation operators are given by
, up to terms of the order of t 2 . Using the right-hand sides of the generating equations of motion (4) for calculating the derivative terms in Eq. (25), we obtain the following expressions for the anomalous and normal densities in the lowest order in t, in D = 1, 2, and 3 dimensions:
Recalling Eqs. (20) and (21) and viewing Eqs. (26) and (27) in the context of BB and CL correlation functions, we see that the width of the CL correlation between the same-spin atoms [Eq. (21)] is determined by the square of the Fourier transform of the square of the effective coupling g(x). The width of the BB correlation [Eq. (20) ] between the different spin-state atoms, on the other hand, is determined by the square of the Fourier transform of g(x). Since the function g(x)
2 is narrower than g(x) and the converse is true for their respective Fourier transforms, we immediately deduce that the CL momentum correlation is generally broader than the BB correlation. These conclusions are true for any shape of the source condensate and apply to both bosonic and fermionic statistics in the short-time limit.
A. Thomas-Fermi parabolic density profiles
In this subsection we consider specific density profiles of the molecular BEC and use the perturbative results of Eqs. (26) and (27) for calculating atom-atom pair correlations and the relative number squeezing in the shorttime limit. As one of the most typical situations, we start with a parabolic density profile characteristic of an interacting BEC in a harmonic trap in the TF limit.
One dimension (1D)
In 1D we assume that the molecular BEC profile is given by an inverted TF parabola, ρ 0 (x) = ρ 0 (1 − x 2 /R 2 T F ) for x < R T F [and ρ 0 (x) = 0 for x ≥ R T F ], where ρ 0 ≡ ρ 0 (0) is the peak density. Accordingly, the effective coupling constant is given by g(
. The integrals appearing in Eqs. (26) and (27) can be expressed in terms of Bessel functions, using the following integral representation [72] :
where ν > −1/2 and Γ(ν) is the gamma function. Accordingly, the integrals in Eqs. (26) and (27) yield 
12 (k, k0, 0.1t0) as a function of k for fermionic and bosonic atom pairs in two different spin states, showing the back-toback correlation peak at k = −k0; (b) pair correlation for the same-spin atoms g
11 (k, k0, t) in dissociation into distinguishable (fermionic or bosonic) atom pairs, showing a CL HBT peak for bosons or a HBT dip for fermions at k = k0.
Substitution of these expressions into Eqs. (20) and (21) leads to the following results for the BB and CL pair correlation functions:
These results are valid for t ≪ t 0 , and are plotted in Fig.  10 as a function of k, for k ′ = k 0 and t = 0.1t 0 . Once scaled with respect to the corresponding peak values and plotted as in Fig. 7 , the curves in Fig. 10 follow closely the bosonic and fermionic numerical results shown in Fig.  7 . Interestingly, even beyond the strict range of applicability of the analytic results of Eqs. (31) and (32), they show good agreement with the numerical results of the previous section, valid for up to t ∼ t 0 . For example, at t = t 0 the differences between the BB and CL correlation widths, evaluated using the analytic and numerical results, are less than 10%.
The correlation widths that follow from Eqs. (20) and (21) are
and therefore w (CL) /w (BB) ≃ 1.12. Here w ≃ 1.62/R TF is the width of the molecular BEC momentum distribu-
, given by
Inverting the relationship between the secondand first-order correlation functions, |g
jj (k, k ′ , t) − 1|, we can also find the width of the first-order correlation function, ∆k (coh) , which gives the phase coherence length and defines the size of an atomic mode in free space. From the above analytic result for g (2) jj (k, k ′ , t), we find that the first-order coherence length in the short-time limit is approximately ∆k (coh) = 2.50/R TF . In terms of the momentum width of the source condensate w, this corresponds to ∆k (coh) = 1.54w, and shows that the first-order coherence length is larger than the second-order correlation length w (CL) . Using the asymptotic behavior of the Bessel function, (29) and (30) at k ′ = ∓k give, respectively, the peak value of the anomalous density m 12 (k, t) ≡ m 12 (k, −k, t) and the atomic momentum distribution in the spin state j, n j (k, t) ≡ n j (k, k, t):
The peak densities are uniform in the short-time limit, corresponding to spontaneous initiation of dissociation, which populates the atomic modes uniformly without the need to strictly conserve energy. A double-peaked structure with maxima around |k| = ±k 0 (which in 2D and 3D turns into a circle and a sphere of radius |k| = k 0 [36, 39] ) forms later in time [17] , when the present analytic results are not applicable. Similarly, we can find that the peak values of the pair correlation functions (31) and (32) are given by
The inverse square dependence of the BB correlation peak, g
12 (k, −k, t), on time (for t ≪ t 0 ) is in good agreement with the numerical results of the undepleted molecular-field approximation, as well as with the results of first-principles simulations using the positive-P method (see Fig. 6 ). The peak values of the CL correlation, g (2) jj (k, k, t), correspond to the expected HBT bunching for bosons and the HBT dip for fermions.
Finally we calculate the short-time asymptote for the relative number variance [Eq. (24)] and find the following simple result:
In this limit the atomic mode populations are much smaller than 1, bosonic and fermionic shot noises are approximately equal to each other, and we do not see any difference in the relative number squeezing for bosons and fermions. In Fig. 9 , the results of Eq. (40) for three different sizes of the initial molecular BEC are shown as horizontal dashed lines. As we see, the relative number squeezing at short times depends merely on the size of the source condensate R TF and the size of the counting cell ∆k. The small geometric prefactor in the second term is determined by the shape of the source condensate (TF parabola in the present case). Together with the resolution requirement of ∆k 1/R TF , the smallness of this prefactor ensures that V k0,−k0 (t) > 0; at the same time this implies that the raw (unbinned) squeezing can be very weak for small R TF .
Two dimensions (2D)
In 2D, the TF density profile of the molecular BEC in a harmonic trap is given by
The analysis of the short-time asymptotic behavior of the correlation functions is essentially the same as in 1D, except that one has to specify in advance the direction of the displacement ∆k between the pair of momentum vectors k and k ′ for which the correlations are being analyzed. For definiteness, we consider BB and CL correlations for which the displacement ∆k is along one of the Cartesian coordinates, k i (i = x, y). In other words, we consider correlations between k and k ′ = ±k + e i ∆k i , where e i is the unit vector in the k i direction; the plus sign is for the CL correlation, and the minus sign is for the BB correlation. In the results that follow, the dependence on k is absent and we omit it for notational simplicity.
The 2D integrals in Eqs. (26) and (27) can again be performed in terms of Bessel functions (see Appendix A), and we obtain
is the geometric mean TF radius. The preceding expressions lead to the following explicit results for the second-order correlation functions:
The dependence of g (2) 12
and its peak at k i + k ′ i = 0 implies that it describes the BB correlation of different spin atoms with equal but opposite momenta, for which k ′ ≃ −k and is offset from −k by an amount ∆k i in the ith direction. Similarly, the dependence of g (2) jj (k i , k ′ i , t) on k i − k ′ i and its peak at k i − k ′ i = 0 corresponds to the CL correlation between pairs of atoms in the same spin state, for which k ′ ≃ k and is offset by an amount ∆k i . The qualitative behavior of the BB and CL correlation functions is the same as in 1D (Fig.  10) whereas the quantitative differences enter through the width of the correlations and their respective peak values.
The widths of the BB and CL correlation functions in 2D are
and therefore w
Relative to the source width w i , the CL correlation width in 2D is narrower than in 1D, while the BB correlation width is equal to w i . Here, w i ≃ 1.81/R TF,i is the width of the momentum distribution of the molecular BEC along i,
The first-order coherence length in 2D, which follows from |g
The peak values of the anomalous and normal densities, m 12 (k, t) ≡ m 12 (k, −k, t) and n j (k, t) ≡ n j (k, k, t), are given by
The peak CL correlation function g (2) jj (k, k, t) is the same as in Eq. (39), whereas the peak BB correlation is given by
This result is qualitatively similar to the 1D result of Eq. (38) , except that the numerical prefactor in the second term is different. The same is true for the relative number variance. In 2D it is given by
where ∆k = (∆k
is the geometric mean lattice spacing, with ∆k 2 giving the counting area. Comparing this result with V k0,−k0 (t) in 1D [Eq. (40)], we see that the raw squeezing is weaker in 2D than in 1D, for the same size of the molecular BEC and the same lattice spacing.
Three dimensions (3D)
In 3D the TF density profile is given by
. As in 2D, we are interested in BB and CL density correlations between two momentum components at k and k ′ , for which the displacement ∆k = k − k ′ is along one of the Cartesian coordinates, k i , where i = x, y, z. The 3D integrals in Eqs. (26) and (27) can again be performed in terms of Bessel functions (see Appendix B), and we obtain
is the geometric mean TF radius. The BB and CL correlations following from these expressions are
As in 2D, the qualitative behavior of the BB and CL correlation functions is the same as in 1D (Fig. 10) , whereas the quantitative differences enter through the width and the peak values. The widths of the BB and CL correlations in 3D are given by
08. The CL correlation width in 3D relative to the source width w i is smaller than in 1D and 2D, whereas the relative BB correlation width is the same. Here w i ≃ 1.99/R TF,i is the width of the momentum distribution of the molecular BEC along i, found from n 0 (
The first-order coherence length in 3D, following from |g
, is given by ∆k (coh) i ≃ 2.99/R TF,i and therefore ∆k (coh) i ≃ 1.50w i . This is again larger that the second-order CL correlation width w
The peak values of the anomalous and normal densities in 3D are given by
whereas the peak BB correlation is
The peak CL correlation function g
jj (k, k, t) is the same as in Eq. (39) . The result for g (2) 12 (k, −k, t) is qualitatively similar to the 1D and 2D results of Eqs. (38) and (50), except that the numerical prefactor in the second term is different.
Finally, the relative number squeezing in 3D is determined by
where ∆k = (∆k x ∆k y ∆k z )
is the geometric mean lattice spacing, with ∆k 3 giving the counting volume. The raw squeezing in 3D is weaker than in 1D and 2D, for the same size of the molecular BEC and the same lattice spacing.
B. Gaussian density profiles
In this subsection we present the short-time analytic results for the correlation functions in the case of a Gaussian density profile of the source molecular BEC,
, where ρ 0 is the peak density and S i is the rms width in the ith direction. The results for 1D, 2D, and 3D systems can be combined through setting D = 1, 2, or 3. As in the case of the TF density profile, we are interested in BB and CL density correlations between two momentum components at k and k ′ , for which the displacement ∆k = k − k ′ is along one of the Cartesian coordinates, k i , where i = x, y, z in 3D (in 2D, i = x, y, while in 1D, i = x). We define the momentum width of the molecular condensate along k i
is the geometric mean width.
With these definitions, the integrals in Eqs. (26) and (27) , with g(x) = χ ρ 0 (x), give
and therefore the BB and CL correlation functions are
The BB and CL correlation widths are
The CL correlation width, relative to the source width σ i , in the present Gaussian case is broader than in the case of a TF parabolic density profile of the source molecular BEC, whereas the BB correlation width is equal to the width of the source as before. The relative number squeezing is given by
is the geometric mean width of the molecular BEC in coordinate space and ∆k =
. The general qualitative conclusions about relative number squeezing in 1D, 2D, and 3D remain the same as for the TF parabolic density profile of the source molecular BEC.
VI. EFFECTS OF MOLECULAR DEPLETION AND COLLISIONAL INTERACTIONS
In this section we discuss the role of molecular depletion and s-wave scattering interactions. We treat these effects explicitly using two alternative phase-space representation techniques: first-principles simulations using the positive-P method [73] and a truncated Wigner approximation [74, 75] . Owing to the fact that these phasespace methods are currently well established for bosonic fields (see, e.g., [39, 40, 42, 45, 46, 76, 77] ), we restrict our study only to dissociation into bosonic atoms. Development of similar techniques for fermions is underway [41, 78] , but they are so far limited to treating homogeneous systems and therefore are not adopted yet to the present problem of dissociation of spatially inhomogeneous molecular condensates.
To understand the role molecular depletion by itself, we first treat the dissociation dynamics governed by the Hamiltonian (1) without the s-wave scattering interactions. Since most of our previous numerical and analytic examples were given for the case of distinguishable atoms (which has its fermionic counterpart), we examine the role of molecular depletion in the same examples.
In the second part of this section we analyze the role of collisional interactions between the atoms and molecules and restrict our study to the case of indistinguishable bosonic atoms. More specifically, we treat moleculemolecule, molecule-atom, and atom-atom s-wave scattering interactions described by the respective s-wave scattering lengths a 00 , a 01 , and a 11 . Our treatment automatically incorporates molecular depletion since the molecular field in all cases is treated quantum mechanically, without invoking the mean-field approximation. The restriction to the case of indistinguishable atoms is motivated by the need to keep the parameter space manageable, while still giving us an overall quantitative understanding of the role of these collisional processes. For comparison, in the case of dissociation into distinguishable atoms, a generic treatment would have to incorporate six different types of intra-and interspecies scattering processes described by six (generally different, and yet unknown for most of the species) scattering lengths a ij (i, j = 0, 1, 2), which is a challenging task and is beyond the scope of the present article.
A. Role of molecular depletion
To model the quantum dynamics of dissociation beyond the undepleted molecular-field approximation, we use a first-principles phase-space method based on the positive-P representation. In this method, each pair of the field operatorsΨ i (x, t) andΨ † i (x, t) (i = 0, 1, 2) in the Hamiltonian (1) in 1D is represented by two complex stochastic fields Ψ i (x, t) andΨ i (x, t) whose dynamics is governed by a set of stochastic differential equations,
Here ξ 1 = (ζ 1 + iζ 2 )/ √ 2 and ξ 2 = (ζ 3 + iζ 4 )/ √ 2 are the complex noise terms, with ζ j (x, t) (j = 1, 2, 3, 4) being real independent Gaussian noises with zero mean, ζ j (x, t) = 0, and the following nonzero correlations:
, where the brackets refer to stochastic averages with respect to the positive-P distribution function. In numerical realizations, this is represented by an ensemble average over a large number of stochastic realizations (trajectories). Observables described by quantum mechanical ensemble averages over normally ordered operator products have an exact correspondence with stochastic averages over the fields Ψ(x, t) andΨ(x, t).
The initial condition for our simulations is a vacuum state for the atomic fields and a coherent state for the molecular condensate, withΨ 0 (x, 0) = Ψ * 0 (x, 0). In the numerical examples, we assume that the molecular condensates initially have the same density profiles as those used in our simulations within the undepleted molecular approximation (see Fig. 1 ). We note that in the undepleted case, these density profiles were assumed to originate from the ground-state solution of the GrossPitaevskii equation in a harmonic trap, which in the TF limit gives inverted parabolas whose TF radii depend on the strength of molecule-molecule interactions. In the present case, we treat the molecular depletion but ignore the molecule-molecule s-wave scattering interactions; accordingly, the ground state of a harmonic trap would result in a Gaussian density profile rather than an inverted parabola. To make the present treatment self-consistent, yet directly comparable with the numerical examples analyzed in the undepleted case, we therefore assume that the same, near-parabolic initial density profiles are created by tailoring the shape of the trapping potential.
The results of the exact positive-P simulations are shown in Figs. 2, 6 , and 9; the comparison with the results of the undepleted molecular approximation is discussed in the respective parts of text in Sec. IV. A known drawback of the positive-P method is that it suffers from increasingly large sampling errors due to the boundary terms problem [79, 80] as the simulation time increases, eventually leading to diverging results. In the present examples without the s-wave scattering terms, the useful simulation times were limited to t ≃ 6.5t 0 .
In order to go beyond the simulation durations achievable via the positive-P method, we have also performed simulations using the truncated Wigner-function approach. Unlike the positive-P method, it is an approximate approach as it involves neglecting or truncating third-and higher-order derivative terms in the evolution equation for the Wigner function. This is necessary in order to obtain an equation in the form of a Fokker-Planck equation which can then be mapped onto a set of stochastic differential equations. These equations formally render as deterministic mean-field (or Gross-Pitaevskii-like) equations,
however, their stochastic nature and quantum fluctuations are included by way of a noise contribution in the initial state for the molecular and atomic fields. The addition of this initial vacuum noise ensures that the initial states of Ψ 0 and Ψ 1,2 represent the Wigner function of an initial coherent-state BEC for the molecules and an initial vacuum state for the atoms, respectively. The corresponding stochastic averages with the Wigner distribution function correspond to symmetrically ordered operator products, so that the calculation of observables represented by normally ordered operator products needs appropriate symmetrization. The results of our simulations using the Wigner function method are shown in Figs. 2 and 6 and are in excellent agreement with the exact positive-P results, thus reinforcing our confidence in the adequacy of this method for treating the problem of molecular dissociation.
B. Role of collisional interactions
We now turn to the treatment of s-wave scattering interactions in the case of dissociation into indistinguishable bosonic atoms. This case is described by the Hamiltonian (8), together with the additional quartic terms,
Here U (1D) 00
, and U (1D) 11
correspond to the effective 1D coupling constants describing, respectively, molecule-molecule, molecule-atom, and atom-atom interactions that are proportional to the 3D scattering lengths a 00 , a 01 , and a 11 . In the case of a harmonic transverse confinement realizing a cigar-shaped 1D system, these constants are given by U
, where ω ⊥ is the transverse harmonic oscillator frequency [81] .
The treatment of the s-wave scattering interactions using the positive-P method is a challenging task because the problem of growing sampling errors becomes more severe than before. The useful simulation time with realistic physical parameters reduces to sub-milliseconds in our examples, which is too short to give any new insights beyond the undepleted molecular approximation (see also Ref. [39] ). As discussed in Ref. [42] , the most reliable method in this situation is the truncated Wigner approach, which produces stochastic equations that remain stable for much longer simulation durations than the positive-P equations. The Wigner equations in the present case are
and the quantum fluctuations are introduced as previously via the noise contributions in the initial state for the molecular and atomic fields.
As an example relevant to practice, we treat
87
Rb 2 molecules as in the experiments of Ref. [12] and use the 1D parameters described in [81] . In Fig. 11 we plot the total number of free dissociated atoms N 1 (t) relative to their initial number within the molecular condensate 2N 0 (0). The two solid curves are reference examples, corresponding to the undepleted molecular approximation (light gray) and the case when the molecular depletion is included, but all s-wave scattering interactions are still absent (blue curve). The dashed and the dashdotted curves are, respectively, for the cases that include only molecule-molecule and molecule-atom interactions (the case with only atom-atom interactions was studied in [42] ), while the dotted curve corresponds to the inclusion of all three types of s-wave scattering terms. As we see, all these curves agree with the curve for the undepleted molecular approximation for durations of t/t 0 3. We therefore conclude that the inclusion of s-wave scattering interactions reduces the regime of validity of the undepleted molecular approximation to durations corresponding approximately to 5% conversion, which is about twice lower than in the absence of these interactions.
In order to qualitatively understand the behavior of the different curves in Fig. 11 , we note the following two dominant features: (1) the two curves (dashed red and dotted magenta) that correspond to having nonzero molecule-molecule interactions grow slower than the other curves, and (2) all curves with s-wave scattering interactions "bend" at around t/t 0 ∼ 5 and do not reach the maximum conversion efficiency seen in the solid blue curve.
The slower growth of the curves that include the effect of molecule-molecule interactions is explained by the fact that the molecular condensate in these examples experiences additional expansion due to the repulsive s-wave these examples is t0 ≃ 0.035 s [81] . The two solid curves (light gray and blue) are reference examples, corresponding to the undepleted molecular approximation (labeled) and the case with molecular depletion but no s-wave scattering interactions (aij = 0 nm). The remaining three curves correspond to simulations in which we include: molecule-molecule interactions with a00 = 3 nm (and a01 = a11 = 0), dashed red curve; molecule-atom interactions with a01 = 3 nm (and a00 = a11 = 0), dash-dotted green curve; and all three s-wave scattering interactions with a00 = a01 = a11 = 3 nm, dotted magenta curve. In the undepleted case, we assume a nearparabolic initial density profile of the molecular BEC, with the peak 1D density ρ0 ≃ 1.8 × 10 7 m −1 and a radius RT F ≃ 53 µm in the TF limit (originating from a transverse trapping potential frequency of ω ⊥ /2π = 54 Hz and molecule-molecule 3D scattering length of a00 = 3 nm). In the cases with depletion but no s-wave scattering interactions, we assume a Gaussian density profile ρ0(x, 0) = ρ0 exp(−x 2 /2S 2 x ) that has the same peak 1D density and an rms width of Sx = 35 µm which is chosen as to closely follow the near-parabolic profile for the interacting case in the central part of the cloud. The same near-parabolic initial density profile was used in the examples with a00 = 3 nm (dashed red and dotted magenta), and the same Gaussian profile was used in the example with a01 = 3 nm and a00 = a11 = 0 nm (dash-dotted green). scattering interactions. Such an expansion is accompanied by a faster reduction of the molecular peak density [see Fig. 12(a) ] compared to the cases with no moleculemolecule interactions. Indeed, as we see in Fig. 12 (a) the molecular peak density for the dashed red and dotted magenta curves drops faster than for the other two curves, yet the atom number growths for the same cases is the slowest in Fig. 11 . Thus, the reduction in the molecular density takes place not only because of the conversion to atoms, but also because of the expansion of the molecular condensate. Our estimates show that at t/t 0 ≃ 3 the simple expansion alone would reduce the molecular density to 0.95 of the original value, which is a larger effect than the reduction due to conversion to atoms. In terms of an instantaneous effective coupling χ Ψ 0 (x, t) (interpreted at the level of a time-dependent mean field), which is similar to g(x) = χ ρ 0 (x, 0) used previously in the undepleted molecular approximation, the additional reduction in the molecular density means that the instantaneous atom-molecule coupling and therefore the rate of conversion into atoms is reduced more than in the case with no expansion of the molecular condensate. Accordingly, the dashed red and dotted magenta curves in Fig.  11 have the slowest growth in the atom number.
The "bending" of the curves at later times can be explained by the effect of phase diffusion due to the s-wave scattering interactions. The phase diffusion leads to dynamical dephasing of the phase-matching condition for efficient conversion, thus suppressing an exponential amplification in the atom number growth. The characteristic time scale for phase diffusion in the initial stages of dissociation can be estimated via
which gives the following results for the three cases shown in Fig. 11 : t d /t 0 ≃ 4.6 for the case with a 01 = 0, t d /t 0 ≃ 9.8 for the case with a 00 = 0, and t d /t 0 ≃ 8.7 for the case with all s-wave scattering interactions present.
Here we have ignored the contribution coming from the atomic mean field itself (as the atomic density is initially negligibly small compared to the molecular peak density) and ignored the fact that the mean-field phase shifts are spatially dependent and dynamically changing. With these remarks in mind, we find that our order-ofmagnitude estimates of the phase diffusion time are consistent with the numerical results seen in Fig. 11 . Moreover, a model simulation of a uniform system with the same s-save scattering interaction terms as in the relevant three cases of Fig. 11 reproduce the trend that follows from these simple estimates and the order of the curves that experience progressively slower phase diffusion.
In addition to monitoring the dynamics of the molecular peak density, we have analyzed the second-order correlation function g (2) 00 (x, x ′ , t) for the molecular field in position space in order to understand the deviation of the molecular field from the initial coherent state. In Fig. 12(b) we show the molecule-molecule local pair correlation in the center of the cloud g (2) 00 (0, 0, t) as a function of time for the same examples as in Fig. 12(a) . We see that the strongest deviation from the coherent state value of g (2) 00 (0, 0, t) = 1 occurs for the case with the strongest depletion, corresponding to the absence of s-wave scattering interactions (solid blue curve). In this case, the minimum in the peak molecular density-occurring approximately at t/t 0 ∼ 6.5-is the smallest and is closer to zero, implying that the quantum fluctuations are no longer negligible compared to the mean-field part. As a signature of this, we see a respective peak in the pair correlation function, g (2) 00 (0, 0, t) ≃ 3, around the same time. In contrast to this, in cases with s-wave scattering interactions, the molecular depletion is weaker, the peak density is still high enough, and therefore the molecular field remains closer to the initial coherent state in terms of the second-order coherence, with g (2) 00 (0, 0, t) ≃ 1. Finally, in Fig. 13 we plot the back-to-back pair correlation function for the dissociated atoms in momentum space and monitor it as a function of time. The different curves (solid, dashed, dash-dotted, and dotted) are for the same numerical examples as in Fig. 11 , showing that the s-wave scattering interactions-while certainly affecting the quantitative details-have a relatively smaller effect on atom-atom correlation functions at least for dissociation durations up to t/t 0 ≃ 4. Moreover, the numerical results for t/t 0 1 are in surprisingly good agreement with the short-time analytic results (shown as squares for the case of the initial TF density profile of the molecular BEC and as circles for the initial Gaussian profiles), which in the strict sense were meant to be applicable only for t/t 0 ≪ 1. The analytic results for the present case of indistinguishable bosons follow from Eq. (22) , which for k ′ = −k reads as g (2) 11
Using the asymptotic expressions in 1D given by Eqs. (36) and (37) for the case of the TF parabola, we obtain
Similarly, using Eqs. (64) and (65) for the Gaussian density profile, we obtain g
11 (k, −k, t) ≃ 2 + 2 χ 2 t 2 ρ 0 .
Both these expressions have inverse square dependence on time t and are shown in Fig. 13 by the curves corresponding to squares and circles.
VII. SUMMARY
We have analyzed the quantum dynamics of dissociation of harmonically trapped Bose-Einstein condensates of molecular dimers in one, two, and three spatial dimensions. More specifically, we have initially examined how 11 (k0, −k0, t), as a function of time. The different curves (solid blue, dash-dotted green, dashed red, and dotted magenta) are as in Fig. 11 . The black squares and circles are the results from short-time analytic solutions given by Eqs. (76) and (77), respectively. the spatial inhomogeneity of the molecular condensate affects the conversion dynamics and the atom-atom correlations in momentum space in the short-time limit. Both fermionic and bosonic statistics of the constituent atom pairs were considered. Using the undepleted molecularfield approximation, we have obtained explicit analytic results for the short-time asymptotic behavior of the pair correlation functions and the relative atom number squeezing.
For a TF parabolic density profile of the molecular BEC, the correlation functions can be expressed in terms of Bessel functions and are determined by the momentum distribution of the source molecular BEC. The precise relationship is different in one, two, and three dimensions. We have compared the results corresponding to the TF density profile with those corresponding to a simple Gaussian and found that the correlation widths relative to the source width are smaller in the TF case. We have also shown that the relative atom number squeezing in a given atom counting volume is determined merely by the characteristic size of the molecular BEC and by a shape-dependent geometric factor and that the squeezing improves as the size of the BEC is increased. The strength of atom-atom correlations for equal but opposite momenta and the relative number squeezing are the strongest in 1D systems, where the mode-mixing is a relatively weaker effect than in higher dimensions.
The analytic and numerical results in the undepleted molecular-field approximation have been compared with exact numerical simulations using the positive-P representation in 1D, as well as with simulations using the truncated Wigner approach, both of which are suitable for treating the molecular-field dynamics and its depletion. The comparison shows that in the absence of any s-wave scattering interactions the undepleted molecular approximation is valid for dissociation durations corre-sponding to ∼ 10% conversion of molecules into free atoms. We have also examined the role of the s-wave scattering interactions within the truncated Wigner approach and found that the phase diffusion due to these interactions can significantly modify the conversion dynamics in the long time limit. Nevertheless, for dissociation durations corresponding to ∼ 5% conversion, one can still neglect these interactions and use the undepleted molecular approximation. Furthermore, our results indicate that a possible route to extending the validity of the undepleted molecular approximation and minimizing the role of collisional interactions is to operate at larger absolute values of both the atom-molecule coupling χ and the dissociation detuning |∆|.
Even though 5% − 10% conversion efficiencies seem small, nevertheless they can produce mesoscopic ensembles of pair-correlated atoms with interesting quantum statistics and nontrivial many-body correlations if one starts with large-enough molecular condensates, such as containing 10 4 − 10 5 molecules in typical 1D configurations. Accordingly, our simple analytic results in the undepleted molecular approximation provide a useful tool for obtaining qualitative insights and better than "orderof-magnitude" estimates for realistic inhomogeneous systems. For a specific system at hand, these results can be further refined using the positive-P and truncated Wigner methods as demonstrated in the present study.
We first evaluate the integral in the anomalous density |m 12 (k, k ′ , t)| [Eq. (26) ], in which we take k ′ = −k + e i ∆k i , so that the integral takes the form 
where the integration domain Λ is given by x 2 /R 2 TF,x + y 2 /R 2 TF,y < 1. For definiteness, we have chosen the direction i to be the x axis, without the loss of generality. Introducing scaled variables, x ′ = x/R TF,x and y ′ = y/R TF,y , and transforming to polar coordinates x ′ = r cos θ and y ′ = r sin θ, the integral can be rewritten 
the integral in Eq. (A2) can be brought into the following form:
By making a variable change r = sin φ and using the integral representation of the Bessel function of general order [72] ,
with Re ρ > −1 and Re µ > −1, we finally obtain
If the displacement direction i was along y, we would obtain the same results except k x → k y by defining the polar coordinates according to x ′ = r sin θ ′ and y ′ = r cos θ To evaluate the integrals in the normal density n j (k, k ′ , t) [Eq. (27) ], in which we take k ′ = k + e i ∆k i , and therefore n j (k x , k ′ x , t) = 
we follow the same steps as in evaluating |m 12 (k x , k ′ x , t)|. In polar coordinates, the preceding integral can be −25 kg and m0 = 2m1) we consider a 3D density ρ Fig. 11 with a00 = 0, we use a numerically determined (near-parabolic) ground state solution of the GP equation for the molecular BEC in a longitudinal harmonic trap with frequency ωx/2π = 1/2 Hz (ωx ≪ ω ⊥ ) and the same peak density ρ0 as above. In the Thomas-Fermi limit, the respective TF radius is given by RT F = 4 ω ⊥ a00ρ0/m0ω 2 x ≃ 53 µm, and the corresponding initial total number of molecules is N0(0) = 1.28 × 10 3 . For cases with a Gaussian initial density profile, we use ρ0(x) = ρ0 exp −x 2 /2S
